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Abstract 
 

An ultrametric tree is an evolutionary tree in which 

the distances from the root to all leaves in the tree are 

equal. The Minimum Ultrametric Tree construction 

problem is the problem of constructing an ultrametric 

tree from distance matrices with minimum cost. It is 

shown that to construct a minimum cost ultrametric 

tree is NP-hard. In this paper, we present an efficient 

parallel branch and bound algorithm to construct a 

minimum ultrametric tree with less cost. The 

experimental results show that our proposed algorithm 

can discover optimal solutions for 38 species within 

reasonable time with 16 computing nodes.  

 

Keyword: Parallel computing, branch-and-bound, 

evolutionary tree, distance matrices, minimum 

ultrametric trees. 

 

1. Introduction 
 

An evolutionary tree is a model of evolutional 

histories for a set of species. It is a very important and 

fundamental model in computational biology field to 

observe livening species. A meaning evolutionary tree 

is helpful for biologists to evaluate the relationship of a 

set of species in taxonomy.  

However, it is hard to know the constructed 

evolutionary tree is meaning or not since the real 

evolutionary process is unknown. Hence, many 

methods have been proposed to construct the 

evolutionary tree. 

The majority of these methods are all based on two 

models, the sequences and the distance matrix. In the 

sequences model, researchers do multiple sequence 

alignment (MSA) for a set of species with 

corresponding DNA sequence first. Then an 

evolutionary tree is constructed according to the MSA 

result. However, the MSA problem is NP-hard. In the 

distance matrix model, they calculate the distance as 

the edit distance for any two of species first. Then these 

distances are formed as a distance matrix. Finally, an 

evolutionary tree is constructed according to a distance 

matrix. Unfortunately, it is also a NP-hard problem to 

construct a minimum cost evolutionary tree from a 

distance matrix. 

Some heuristic algorithms, such as Unweighted Pair 

Group Method with Arithmetic Mean (UPGMA) and 

Neighbor Joining Method, have been proposed and 

popularly used by biologists. However, the constructed 

evolutionary tree from them is not optimal. Moreover, 

it is still worthy to construct an optimal evolutionary 

tree for a set with small number of species. 

There is a category of evolutionary tree called 

ultrametric tree, in which we assume that the rate of 

evolution is constant. An ultrametric tree is a rooted 

and edge weighted binary tree in which every internal 

node has the same path length to all the leaves in its 

sub tree. However, the number of an ultrametric tree 

( )A n  grows very rapidly when the number of species n 



increases. For example, 21(20) 10A  , 29(25) 10A  , 

37(30) 10A  . The problem of constructing a minimum 

ultrametric tree has been shown to be NP-hard. The 

branch-and-bound algorithms are very well-known 

techniques to avoid exhaustive search.  It is a partition 

algorithm to decompose a problem into smaller 

subproblems and then repeatedly decomposes them 

until infeasibility is proved or a solution is found [17].  

Theoretically, a branch-and-bound algorithm cannot 

ensure polynomial time complexity in the worst case.  

However, it has been used to solve some NP-hard 

problems, such as Traveling Salesman, Knapsack, 

Vertex Covering, Integer Programming, and so on [17].  

In addition, a branch-and-bound algorithm can often 

find the near optimal solutions as well as an optimal 

one.   

In our previous work, we have proposed a parallel 

branch-and-bound technique to construct a metric 

minimum ultrametric tree. Our technique can 

drastically reduce the solution space. However, it is not 

enough to construct a metric minimum ultrametric tree 

with a numerous number of species. In this paper, we 

utilize the concept of 3-3 relationship in our proposed 

parallel branch-and-bound algorithm to reduce the 

solution space and may reduce the execution time 

significantly. 

This paper is organized as follows. In Section 2, we 

introduce the metric minimum ultrametric tree problem 

and the 3-3 relationship. Section 3 describes the 

proposed parallel branch-and-bound algorithm with the 

3-3 relationship. The experimental results and the 

conclusions will be given in Sections 4 and 5. 

 

2. Related Work 
 

Most of the optimization problems for evolutionary 

tree construction are NP-hard [3, 7, 12, 15]. There are 

many models of evolutionary tree and one of them is 

called ultrametric tree (UT) which assumes the rate of 

evolution is constant [310, 1]. A UT is a rooted, leaf 

labeled, and edge weighted binary tree in which every 

internal node has the same path length to all the leaves 

in its sub-tree [15]. Distance matrix is most frequently 

used to construct an evolutionary tree. For an n by n 

distance matrix M, the minimum UT for M is an UT 

that the distance between any pair of leaves on the tree 

is no less than the given distance and the total weight 

on the tree edges is minimized. There are some results 

about UT which have been presented in [1, 4, 7, 15]. 

As it is an NP-hard problem to construct a minimum 

ultrametric tree from distance matrix, branch-and-

bound technique is a good candidate to reduce the 

solution space effectively. Wu et al., [15] proposed a 

sequential branch-and-bound algorithm for 

constructing minimum ultrametric trees from distance 

matrices. We denote their algorithm as Algorithm BBU 

for brevity. Initially, Algorithm BBU uses a heuristic 

algorithm UPGMM (Unweighted Pair Group Method 

with Maximum), which modifies from algorithm 

UPGMA, to find a feasible solution. Then, Algorithm 

BBU repeatedly searches the branch-and bound tree 

(BBT) for better solutions until an optimal solution is 

found. For any node, say v, in the BBT, compute the 

value of LB(v), which is a lower bound on the weight 

of any ultrametric tree. Below is a formal description of 

Algorithm BBU. 

 

Algorithm BBU 

 

Input: An n x n distance matrix M. 

Output: The minimum ultrametric tree for M. 

 

Step 1: Relabel the species such that (1, 2, …, n) is 

maxmin permutation. 

Step 2: Create the root v of the BBT such that v 

represents the only topology with leaves 1 and 

2. 

Step 3: Run UPGMM to find a feasible solution and 

store its weight in UB (the weight of current 

best UT). 

Step 4:  

while there is a node in BBT do 

 if LB(v) >= UB or all the children of v have 

been deleted then 

     delete all nodes v from BBT 

 end if 

 Select a node s in BBT, whose children has 

not been generated. 

 Generate the children of s by using the 

branching rule. 

 if find a better solution then 

    update UB 

 end if 

end while. 

 

The readers can refer to [15] for the correctness and 

time complexity issues of algorithm BBU. 

 

In this paper, G = (V, E) represents an unweighted 

graph with vertex set V and edge set E and G = (V, E, 

w) denotes an edge weighted graph. To simplify the 

presentation, notations and terminologies used in this 

paper are prior defined as follows. 

 



Definition 1: A distance matrix of n species is a 

symmetric nn matrix M such that M[i, 

j]  0 for all 0 i, j n, and M[i, i]=0 for 

all 0 i n [15]. 

Definition 2: A M is a metric if the distances obey the 

triangle inequality, i.e., M[i, j]+M[j, 

k] M[i, k] for all 1 i, j, k n [15]. 

Definition 3: A metric M is an ultrametric if and only 

if M[i, j] max{M[i, k], M[j, k]} for all 

1 i, j, k n [2].   

Definition 4: Let T = (V, E, ω) be an edge weighted 

tree and u, vV.  The path length from u 

to v is denoted by ),( vudT . The weight 

of T is defined by 

ω(T)= Ee e)( [15]. 

Definition 5: Let T be a rooted tree and r be any node 

of T. We use Tr to denote the subtree 

rooted at r, and L(T) to denote the leaf set 

of T [15].   

Definition 6: An ultrametric tree T of {1, …, n} is a 

rooted and edge-weighted binary tree 

with L(T) = {1, …, n} and root r such that 

),( rudT = ),( rvdT  for all u, vL(T) 

[15]. 

Definition 7: Let T = (V, E, ω) be an UT.  For any 

r  V, the height of r, denoted by 

height(r), is the distance from r to any 

leaf in the subtree Tr, i.e., height(r) 

= ),( vrdT  for any vL(Tr) [15].   

Definition 8: For any M, MUT for M is T with 

minimum ω(T) such that L(T)={1, …, n} 

and ),( jidT M[i, j] for all 1 i, j n.  

The problem of finding MUT for M is 

called MUT problem [7]. 

Definition 9: The metric minimum ultrametric tree 

(  MUT) problem has the same 

definition as MUT problem except that 

the input is a metric [15]. 

Theorem 1: The MUT problem is NP-hard [15]. 

Definition 10:Let P be a topology, and )(, PLba  . 

),( baLCA denotes the lowest common 

ancestor of a and b. If x and y are two 

nodes of P, we write yx   if and only if 

x is an ancestor of y. 

Definition 11:We denote the distance between distance 

matrix and rooted topology of 

evolutionary trees is consistent if 

],[ jiM ]},[],,[min{ kjMkiM  if and 

only if ),(),(),( kjLCAkiLCAjiLCA   

for any nkji  ,,1 . Otherwise is 

contradictory. 

 

Fan [5] proposed an idea to evaluate the 

evolutionary trees by using distance relations between 

distance matrix and evolutionary trees for any 3 species. 

The idea was as follows, choosing three species i, j, k 

arbitrary, if i, j relates closely in distance matrix, then 

on evolutionary trees should also present relation of i, j. 

Otherwise, it is contradiction, if the number of 

contradictions is more, expresses the method of 

evolutionary tree construction is insufficiently good, 

and it cannot faithfully reflect the relation of the 

original distance matrix. 

For the purpose of reducing the solution space in 

branch-and-bound strategy; we observe that the 

characteristic of 3-3 relationship between distance 

matrix and evolutionary tree can be utilized. 

 

3. Main title 
 

In this section, we will describe the system 

framework we developed in detail, including parallel 

algorithm, load balancing strategy, data structure, and 

how to use 3-3 relationship to construct evolutionary 

trees. 

The same level of evolutionary tree can be divided 

into independent parts, therefore parallel branch-and-

bound is a very suitable technique to solve evolutionary 

tree problem without considering the data-dependent 

problem between computing nodes. Each computing 

node only needs to handle or solve a sub-problem with 

sequential algorithm regardless of data-dependent 

problem. 

In our proposed parallel branch-and-bound 

algorithm, every node in the same level of branch-and-

bound tree represents respective solution. Every 

computing node branches one of the nodes in the same 

time. When some computing nodes find the branching 

solution satisfies the bounding rule then we don’t need 

to branch any more. It will pass a message to notify 

other computing nodes that the branching will not 

produce a better solution and then we can delete the 

branch. For this reason, the solution space in multi-

processor system will be less than the solution space in 

the single processor system. Thus, our proposed 



parallel branch-and-bound algorithm may achieve 

super-linear speedup. 

The load balancing strategy is important in our 

proposed system. Because the solution space in each 

computing node may differ a lot after bounding, this 

may result in the situation that some computing nodes 

idle. We apply the global pools design, which located 

in the Master processor. When local pools of 

computing nodes empty, it can request some branching 

data from global pools if it is not empty. Even through 

the global pools empty, it will poll branching data form 

the heavily loaded computing nodes. 

The data structure is also an important issue in the 

parallel computing. An unsuitable data structure may 

take unnecessary time during the exchange of 

information between computing nodes so that we shall 

consider whether the data structure performs well in 

parallel computing. Therefore, we develop a data 

structure, which is called UT node, including every 

internal node’s left children, right children, parents, 

leaves which were sorted by array and the UT node’s 

low bound. All necessary information is stored in a 

branch and bound tree (BBT) which combined with UT. 

In the proposed algorithm, the master processor 

(MP) will create initial nodes and then dispatch most of 

them to slave computing processors. The MP is also 

used to do the same work in slave computing 

processors and try to balance the nodes among MP and 

slave computing processors. 

In MP, in Step 1, it reorders the input metric 

distance matrix M to form a max-min permutation and 

then re-label the species as a leaf set {1, 2, …, n}.  This 

work could be done in parallel.  In Step 2, a root v of 

BBT is created by MP which v represents the only 

topology with leaves 1 and 2.  In Step 3, MP will run 

UPGMM to find a feasible solution and store its weight 

in a global variable UB as an initial upper bound.  In 

the Step 4, MP applies the 3-3 relationship constrain to 

insert the third species, which can reduce the solution 

space significantly. In order to dispatch nodes to slave 

computing processors, some nodes of BBT should be 

generated.  Therefore, in Step 5, MP will do parts of 

Step 5 in BBU to generate some nodes of BBT.  Note 

that the value of LB(v) for each node v generated by 

MP is lower than or equal to UB.  Now, the number of 

nodes is set to be double of the number of processors p.  

Similarly, this step could be done in parallel, but it is 

done by MP with the same reason. 

Since each node v in each slave computing 

processor may be bounded quickly or not, we try to 

balance the work among processors before the 

dispatching procedure.  In Step 6, for each node v 

generated by MP, a global UB is computed first, and 

then broadcasts to slave computing processors. 

According to the sorting results, each corresponding 

node will be stored sequentially into the Global pool 

(GP).  Afterward, MP dispatches most of them to slave 

computing processors by the cyclic partition method. In 

the dispatching procedure, UB and M with a max-min 

permutation are also sent to Slave computing 

processors.  Since MP is also used to do the same work 

in Slave computing processors, it needs to preserve 

some nodes in GP.  Now, MP preserves 1/p nodes in 

GP.  By Step 7, a potential effect may be existed to 

balance the work among MP and slave computing 

processors.  After dispatching most of nodes from MP 

to Slave computing processors, parallel branch-and-

bound algorithm tries to find the optimal solution. 

The parallel branch-and-bound algorithm in the 

master-slave paradigm is presented as follows. 

 

Table 1 Parallel Branch-and-Bound with 3-3 

Relationship 

Input: An n x n distance matrix M. 

Output: The minimum ultrametric tree for M. 

 

Step 1: Master processor re-label the species such that 

(1, 2, …, n) is a maxmin permutation. 

Step 2: Master processor creates the root of the BBT. 

Step 3: Master processor run UPGMM and using the 

result as the initial UB (upper bound). 

Step 4: Under rooted base tree with 2 species. 

Referring the original distance matrix to insert 

the third species according to the 3-3 

relationship constraint.  

Step 5: Master processor branches the BBT until the 

branched BBT reaches 2     times of total 

nodes in the computing environment. 

Step 6: Master processor broadcasts the global UB and 

sends the sorted matrix the slave computing 

processors cyclically. 

Step 7:  

while number of UTs in LP (Local Pools) > 0 or 

number of UTs in GP (Global Pools) > 0 do 

 if number of UTs in LP = 0 then 

  if number of UTs in GP <> 0 then 

   receive UTs from GP 

  end if 

 end if 

 v = get the tree for branch using DFS 

 if LB(v) > UB then 

  continue 

 end if 

 Insert next species to v and branch it 

 if v branched completed then 

  if LB (v) < UB then 



   Update the GUB (Global 

Upper Bound) to every node  

   Add the v to results set 

  end if 

 end if 

 if number of UTs in GP = 0 then 

  Send the last UT in sorted LP to GP 

 end if 

end while 

Step 8: Gather all solutions from each node and output 

the optimal solution. 

 

4. Experimental Results 
 

The experimental environment is built by a Linux-

based cluster; it consisted of one Master processor and 

16 slave computing processors. All slave computing 

nodes have the same hardware specification and 

connected with each other at 100Mbps and 1Gbs to 

server. One computing node (single processor) is 

designated as the sequential platform in contrast with 

the parallel computation. 

The data instances we used are the distance matrix 

constructed from Human Mitochondrial DNA 

(HMDNA), and each number of species we run 20 

instances to reduce the factor influenced by distance 

matrix. 

The computing time for 16 slave computing nodes 

and single node is shown in figure 1 and 2. From figure 

1 and 2, we can observe that our proposed parallel 

algorithm is effective when the number of species is 

getting large. Also, we can observe that the computing 

time will be unendurable when the number of species 

greater than 26 for single processor. On the other hand, 

the parallel branch-and-bound algorithm can find 

optimal ultrametric tree within reasonable time for 38 

species. The speedup ratio is shown in Figure 3, and we 

can find our proposed parallel branch-and-bound 

algorithm achieve super linear speedup ratio. Figure 4 

depicts that 3-3 relationship can reduce computing time 

when number of species grows. Also, in our 

experimental results, the result trees with 3-3 

relationship are a subset of result without 3-3 

relationship. It indicates that applying 3-3 relationship 

can not only reduce the solution space but also have the 

same results. 
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Figure 1  The computing time for 16 processors, 

HMDNA. 

 

Single processor (HMDNA)

0

10

20

30

40

50

60

70

80

90

12 14 16 18 20 22 24 26 28

Species

T
im

e
 (

se
c.

)

Median case

 
Figure 2  The computing time for single processor, 

HMDNA. 
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Figure 3  Speedup (16 processors vs. single 

processor, HMDNA). 

 



Computing time for 16 processors (with 3-3 relationshiop 

vs. without 3-3 relationship, HMDNA)
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Figure 4  The computing time for 16 processors 

(with 3-3 relationship vs. without 3-3 relationship, 

HMDNA). 

 

Figure 5, 6, 7 and 8 show the computing time as 

well as speedup ratio for   randomly generated data 

sample set, the range of the data values is from 0 to 100. 

Also, our proposed algorithm has supreme performance 

and can obtain optimal evolutionary tree within 

reasonable time. Our proposed parallel branch-and-

bound algorithm can achieve super linear speedup ratio. 
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Figure 5  The computing time for 16 processors, 

Random Data. 
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Figure 6  Speedup (16 processor vs. single processor, 

Random Data). 
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Figure 7  The computing time for single processor, 

Random Data. 

 

Computing time for 16 processors (with 3-3 relationshiop vs. 

without 3-3 relationship, Random Data)
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Figure 8  The computing time for 16 processors 

(with 3-3 relationship vs. without 3-3 relationship, 

Random Data). 

 

5. Conclusions 
 

In this paper, we have proposed a parallel branch-

and-bound algorithm that runs in a master/slave 

paradigm to resolve the minimum ultrametric trees 

construction problem, and we adopt the 3-3 

relationship in our algorithm. Experimental results 

show that the performance of our algorithm, running on 

a personal computer cluster with 16 slave computing 

processors, is extraordinary in comparison with single 

processor. Moreover, our proposed parallel algorithm 

can find an optimal solution for 38 species within 

reasonable time. To the best of our knowledge, there 

are no reported algorithms which can find the optimal 

ultrametric tree with the number of species exceeding 

25. 

From experimental results, we can see that the 

performance of the sequential and parallel algorithms 

will be influenced by the number of species, the 

number of processors and the distance matrix. (Hint: 

different distance matrices with the same number of 

species lead to different performance). With 3-3 

relationship, we found it can reduce the computing time 

when number of species grows, but we only used it in 



the initial step. In our future work, we can extend this 

feature and speedup the process of constructing 

evolutionary trees. 
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